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1. INTRODUCTION

In 1922, The great mathematician Banach[ 4 ] gives fixed point theorem in complete metric space. Further many
mathematician gives fixed point theorems in metric space. Bakhtin [ 5 ]gives fixed point theorem in partial metric space.
After his result many author gives fixed point results in this space ( see 2,3, 8, 16 17,18) and many authors gives fixed

point results in b- metric space..(see 6, 9.10).

On the other hand Abdeljawad and Karapinar [ 1] gives fixed point theorems in tvs cone metric space and many

authors generalized the results of thistvs cone metric space (see 11,14).

Recently, Xun and Songlin[20 ] proved fixed point theorem in Banach contraction and Kannan contraction on
generalized metric space. In this paper obtain fixed point theorems in ciric contraction and Singh contraction type on

generalized metric space. Our theorem is generalization the theorem of [7],[12],[13], [15],[19] and others.
2. Priliminaries

Definition 2.1 [ 20] Let @ be atopologica vector space with zero vector ©. Asubset £in @ iscalled atvs- conein @, if the

following conditions are satisfied .
1. £isnonempty and closed in@ .
2. u,vefandl, mel0, +oo) imply lu+ mveE£.
3. u-uefimplyu=6..

Definition 2.2 [ 20 ] Let £ be a tvs- cone in a topological vector space B and P° denote the integer of £ in B. partia

orderings<, < and << on B with respect to £.. Let u, v € .
1. usvifv-uet.
2. u<vifusvandu#w
3. u<<vifv-ugP°
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4. Then (@, £) is called an ordered topological vector space.

Definition 2.3[9] Let M be nonempty set. A function {: MxM - [ 0,00 ) is called b- metric space with coefficient p= 1 if
satisfied the following conditions for u, v, w €

1. C(uVv)=0iffu=v
2. (u,v)=C(v,u)
3 LuVv)sp[luw)+{(wVv)]

Definition 2.4 [6 ] Let M be nonempty set. A function { : MxM - [ 0,00 ) is called partial metric space if satisfied the

following conditions for u, v, w ¢ M
Lou=vifffuu)=0(vv)={(u V)
2. {(uv)=¢(vu)
3. (@ u)sl(uv)
4 Cuw)s (U v)+Q(v,w)-{(v, V).

Definition 2.5 [15] Let M be a nonempty set and ( &, £) be an ordered topological vector space with its zero vector ©. A
function { : M x M - £ is caled a generalized metric space with co- efficient p = 1 if the following conditions are

satisfied for all u, v, w € M.
L ou=vifffuu)=0(vv)={(uV)
2. {(uv)=¢(vu)
3 ((uu)=sl(uv)
4. C(uw)=p[C(uv)+T(v,w)-{v,v)].

Definition 2.6 [14 ] Let M be a nonempty set and ( @, £ ) be an ordered topological vector space with its zero vector 8. A

function {: M x M - £iscalled atvs — cone metric space if the following conditions are satisfied for all u, v, w € M.
1. l(uv)=8iffu=v
2. {(uv)=0(vu)
3. Luw) < u,v)+T(v,w)

Lemma 2.7 [14] Let (B, £) be an ordered topological vector space.
1. 1f0ef — £ implies£ 6.
2. u,ul,u2,...unel, usmax{u,ul,u2, ...un} denoteu<uiforsomei=1,2,...n.
3. Theusenotation=, > and >>in ( @, £). These notation are clear and hold the following,
i. uzviffu—vzOiffu-vef
i. u>viffu-v>0iffu—vef-{6}
iii. u>>viff u—v>>0iffu-ve£’
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iv. u>>vimpliesu>vimpliesu=v,
Lemma 2.8[14 ] Let (@,£) be an ordered topological vector space.
1. Ifu>>6,thenku>>6, for each k € R*,
2. Ifu>>6,thenu>>1/2u>>1/30u>>...>>06
3. Iful>>vlandu2z=v2 thenul + u2>>v1l+v2.
4, u>>v=poruzv>>y,thenu>>p.
5. Ifu>>0©andven, then ne N suchthat% v <<u.
6. Ifu>>06andIfv>>6,then yu>>06 such that p <<uand p <<v.

Definition 2.9[ 20] Let (@, £) be an ordered topological vector space, {un} be asequencein® and u € &. {un} iscalled to
convergesto uin (@, £) if for any € >> ©, there is no€ N such that u — v<< un << u +¢ for all n > no, we denoted by

limn_un=u

Lemma 2.10[20] Let (B, £) be an ordered topological vector space, {un} be asequencein@and u € & If lim,- o u, = u,

then lim,, — coun = u.

Lemma 2.11[20] Let ( &, £) be an ordered topological vector space, {u"} and {v,} be a sequence in &. If lim,, - o U, =u

and lim, - covn=v. Thenlim, - o0 (U, £ Vv,) =u V.

Lemma 2.12 [20] Let (@, £) be an ordered topological vector space, {un} and {v,} be asequencein E. Then
i. Letun=v,forallneN. Iflim,- o u,=uandlim,-cv,=vthenuzV.
ii. Letun=v,=y,forall neN.Iflim,- oo u,=1lim,- o Y, =u, thenlim,- covn = u.

Definition 2.13[20] Let ( M, ) be a generalized metric space. A sequence {un} in M is said to convergesto u if for any €

>>0 suchthat { (u,un) << {(u,u)+eforalln>n0,neN sp, limn- coun = u.

Definition 2.14 [20] Let (™, C) be a generalized metric space. A sequence {u,} in ™M and u € M. Then both are equivalent.
1. limn-ocoun = u.
2. limnoec d(u,un)=q(u,u).

Definition 2.15[20] Let (M, ) be a generalized metric space. A sequence{u,} inM

1. {un} is Cauchy sequencein (M, ) if u &M, such that limn,m-c  (un, um) = u ie, for any € >> 6, thereis n0

€ N such that u-v << (un,um) <<u+ ¢ forall n, m>n0.

2. (M, ¢)is complete if for each Cauchy sequence {un} is convergent, if u € M such that ¢ (u, u) = limn,m - oo { (

un, um) =limn,m - ¢ (un, um).

Definition 2.16 [20] Let (M, ) be a generalized metric space with coefficientsp=1as h: M — M be a functionu e M is
called afixed point of h if hu = u. We denote the set of fixed point of h by Fix(h) and cardinal of Fix (h) by I Fix(p) I.

[20] proved the following fixed point theorem.
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Theorem 2.17 [20 ] Let ( M, ) be a complete generalized metric space with co- efficientp=1landlet h: M - Mbea
function such that

{(hu,hv)<gl(u,v)forallu,ve M, where ge [0, 1)and gp < 1. Then h has a unique fixed point u € M
and {(u, u) =©.

Theorem 2.18 [20] Let ( M, { ) be a complete generalized metric space with cefficient s=1andlet h: M - M bea
function such that

{(hu, hv) <9l (u, hu)+L (v, hv)] forall u, ve ™M, where ke [ 0, 1) and gp < 1. Then h has a unique fixed point
ueM and {(u,u)=6.

Theorem 2.19 [20] Let ( M, ) be a complete generalized metric space with coefficient s > 1 and let h:M-M

be a function such that

C(hu hv)sgmax{ {(u,v), h(u hu), h (v, hv) } forall u, ve ™M, wherege [0, 1) and gp < 1.Then h hasa
unique fixed point ue M and ¢ (u, u) = 6.

Theorem 2.20[20] Let (M, ) be a complete generalized metric space with co efficient p = 1 and let h:M - Mbea
function such that

C(hu, hv)<g1¢ (U, v) +928(u, hu) +g3h (v, hv), forall u, ve M, where g1 + g2 + g3 €[ 0, 1/p ).Then h has

a unique fixed point u € M and {(u, u) = ©.

Lemma 2.21[20] Let ( &, £) be a ordered topological vector space and € € £°. Put u = R’, where R is the set of al non-

negative real number, for n € N, define

in:MxM - £by

in(u,v)=({max (u,v)}" +1u-vI")e Then (M, Zn) is a generalized metric space with co- efficient p = 2%,
3. Main Results
Our main resultsis following theorems and examples.

Theorem 3.1 Let (M, {) be a complete generalized metric space with coefficient p 21 and let h : M — ™ be afunction

such that

C(hu pv)sgmax{{(uVv), {(u hu), C(v,hv),{(u hv), (v, hu) } forallu, ve™, wherege[O0, 1/p).
Then h has aunique fixed pointue M and  (u,u) =©.

Proof- Proof the theorem by two claim.
Claim 1. If Fix (h) #©, then | Fix(h) | = 1.
Let Fix (h) # 6. Ifu, ve Fix (h) , that is u, v& M, hu=u and hv = v, then
C(u,v)=¢(hu, hv)sgmax{{(u,v), {u, hu), Z(v, hv), T(u, hv), {(v, hu) }
=gmax{d (u,v),{(uu), {(v,v), {u,v), {(v,u)}
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=9¢(u,v)
Implies, {(uv)=0,since g<1,then | Fix(T)I=1.
Claim 2. If u € Fix (h) such that { (u,v) = ©.

Letu0 e Mand un=hun-1foreachneNand i,jeNandi#z]j,
ui # uj and so Z (ui, uj ) >©. Foreachne N,
¢ (un,un+1)={( hun-1, hun) < g max { ¢un-1,un), Z(un-1,un), Z(un,un+1),Z(un-1, un+1), Z(un,un)}
=gmax{{(un-1,un), C(un,un+l)}
Thisimplies that
(un,un+l)<gl(un,un+l)orZ(un,un+l) <k (un-1,un).

If {(un,un+1l)<gZ(un,un+l), then (un,un+l) < C(un, un+l).This is a contradiction. So, {(un, un+l) <

gl (un-1,un)
<g"(uo, ul).
Letn, m ¢ N, then
0<Z(un,un+tm)<pZ(un,untl)+p?Z(un+l, un+2) + ... + p™Z (un+m-1, un+m)
<pg"Z(u0,ul)+p?g™Z(u0, ul)+ ... +p" g™ ™ Z(uo, ul).
<[pg"+p?g™t+ ... +p"g"™ ] (u0, ul).
<spg"[1+p+...+p™ g™ ]Z(u0, ul).
= pg"¢(u0,ul)/ 1-pg.
Since, 0< k< pg < 1, limn - o pg"/1- pg = 0, hence limn - c pg" Z (u0, ul ) /1- pg=©.

By lemma2.12, limn,m o Z (un, um ) = ©. So {un} is a Cauchy sequence in ( M, Z). Since ( M, ) is complete,

hence
Z(u,u)=limn-wZ(u,un) = limnm-eZ(un,um)=6.
Z(un, hu)=(hun-L, hu)< g max {Z(un-1,u), { (un-1,un), Z (u hu), 2 (u,un), 2 (un-1, hu))
Z(uhu)<p(Z(uun)+Z(un hu))
<pZ(u,un) +gmax{Z(un-1,u),Z(un-1,un), 2 (u, hu), L (u,un), Z(un-L, hu)}.
By lemma2.11, Z(u, hu)<gpd(u, hu).0< gp<1,Z(u, hu)=®. S0, u= hu.
Hence, ue Fix (h) and Z (u,v ) =©.

An application of Theorem 3.1, the following corollary generalizes a fixed point theorem of [ 12].
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Corollary 3.2 Let (M, Z) be a complete generalized metric space with co efficient p > 1 and let h : M — M be afunction
such that

Z(hu,hv)<glq(u,v)+922(u, hu)+g3 (v, hv) +gs L(u, hv)+g52(v, hu) forallu, ve M,

where g1 + g2 + g3 + g4 + g5 £ [ 0. 1/p ). Then h has a unique fixed point u e M and Z (u, u) = ©.
Proof-Putg=gl+g2+g3+g4+g5,thenge[0.1/p). Forall x,y € X,
Z(hu hv)=<gll(u,v)+928(u, hu)+g3Z(Vv, hv) +gs L(u, hv) +g5( v, hu)

sglmax{{(u,v), {(u, hu), C(v, hv), {(u hv), (v, hu)} + 92 max{ {(u, v), {(u, hu), (v, hv),

C(u, hv), (v, hu) 3+ g3 max{ {(u, v ), {(u, hu ),{(v, hv), C(u, hv), {(u, hu) } + g4 max{ { (u, v), {(u, hu),
(

Vv, hv), C(u, hv), C(v, hu) }+ g5 max{ { (u, v ), {(u, hu. ), (v, hv), {(u, hv ), ((v, hu) }
=(91+9g2+g3+g4+g5) max{{(u,v), {(u hu), {(v, hv), {(u hv), {(v, hu)}
=gmax{{(u,Vv), {(u hu), (v, hv), {(u, hv), {v, hu) }.

Theorem 3.1, b has a unique fixed point ue Mand Z (u, u) =©.

The following Theorem generalizes afixed point theorem of [4].

Theorem 3.3 Let (™, ) be a complete generalized metric space with co- efficient p= 1 and let h : M - M be afunction

such that

4(hu, hv) g max{{ (U, v), LU, hu), (v, hv ), 1/2[ T (u, hv )+ (v, hu )] } for all u, v e M, where k € [ 0, 1/p ).
Then h has a unique fixed point ue Mand Z (u, u) =©.

Proof- proof of theorem by two claims.
Claim 1. If Fix (h) #©, then | Fix(©) | = 1.
Let Fix (h) #©. If u, ve Fix (h) that is u, v e X, hu= uand hv = v, then
{(u,v)=¢(hu, hv) s gmax{ L (U, v), {u. hu), Z(v, hv), /20 (u, hv )+ (v, hu)] }
=gmax{d (uv), {(uu), Z(v,Vv), 12[ {(u, v)+ T (v, u)]}
=92 (u,v)
Implies, Z(uv)=0,sinceg<1,then | Fix(T)I=1.
Claim 2. If u € Fix (h) such that  (u, v) = ©.
Letu0 e Mand un=hun-1foreachneNand i,jeNandi#j,

ui Zujand so { (ui, uj)>6. ForeachneN,
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¢ (un,un+l) =¢( hun-1, hun) < gmax {{un-1,un), {(un-1,un), {(un, un+l),1/2 [( un-1, un+1 )+ { (un,

un)] } =gmax{{(un-1,un), {(un,un+l)}

Thisimplies that

{(un,un+l)<gl(un,un+l)or(un,un+l)<gd(un-1,un).

If {(un,un+1l)<gZ(un,un+l), then (un,un+l) < C(un, un+l).This is a contradiction. So, ¢(un, un+l) <
gl (un-1,un)

<g"C(uo,ul)

Letn, me N, then

o<l (un,un+tm)<p(un,un+l)+p27 (un+l, un+2) + ... + p" Z (un+m-1, un+m)

<pg"Z(uo,ul)+p?g™Z(u0, ul)+ ... +p" g™ ™ Z(uo, ul).

<[pg"+p*g™+ ... +p"g"™ 1L (w0, ul).

<pg"[1+p+...+p™ g™ ]Z(u0,ul).

= pg"¢(u0,ul)/ 1-pg.

Since, 0<sg<gk<1,limn- o pg"1- pg=0, hencelimn- e pg"Z(u0, ul)/1- pg=86.

By lemma2.12, limn,m - o ¢ (un, um) = 6. So {un} isa Cauchy sequencein (M, ). Since ( M, ) is complete,

hence

{(u,u)=limn—co {(u,un)= limnm-eco Z(un,um)="9.

¢(un, hu)=¢(hun-1, hu)<gmax {{(un-1,u), Z(un-1,un), T (u, hu), Y/2[{(u,un)+Z(un-1, hu)l }
{(u,hu)<p (C(uun)+¢(un, hu))

<pl(u,un)+gmax {{(un-1,u), {(un-1,un), {(u, hu),2/2[C(u,un)+ T (un-1, hu)]l }.

By lemma2.11, {(u,hu)<gp{(U hu).0< gp<1,Z(u, hu)=6.S0,u=hu.

Hence, u € Fix (h) and Z (uv) = ©.

An application of Theorem 3.3, the following corollary generalizes a fixed point theorem of [ 19].

Corollary 3.4 Let (M, ) be a complete generalized metric space with co efficient p=1and let h : M - M be afunction

such that

C(hu hv)=gll(u,v)+92C(u, hu) +g3 (v, hv) +g. [T (u, hv) + (v, hu)] forall u, ve M,

wheregl +92+9g3+2g4 €[ 0. 1/p). Then h has a unique fixed pointue Mand { (u,u) =©.

Proof- Putk = k1 + k2 + k3+2 k4 ,thenge[0.1/p). Forall u, ve M,

C(hu,hv)<glC(u,v)+g2{(u hu)+9g3 (v, hv)+gy {(u, hv)+ (v, hu)]
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< gl max{ {(u,v), (U hu), {(v, hv ), 172[ T (u, hv), T(v, hu)I} + g2 max{ L (u, v), {(u, hu ), (v, hv ), 1/2[C
(u, hv )+ C(v, hu)] 3+ g3 max{ {(u, v), C(u, hu ).{(v, hv ), 1/2[ C(u, hv )+ C(u, pu)l } - +2g4 max{ { (u, v),
C(u, hu), C(v, hv ), 172[ C(u, hv ), C(v, hu)l }

=(gl+g2+g3+2g4 ) max{ {(u,v), {(u, hu), {(v, hv)1/2,[{(u, hv )+ T (v, hu)l}
=gmax{ {(u,v), {(u, hu), C(v, hv),1/2[ {(u, hv )+{(v, hu)] }.

Theorem 3.3, h has a unique fixed pointue Mand { (u,u) =9.

Example35. LetB={(u,v):u,veR}and£={(u v):u veR }.Then (B, £) isan ordered topological vector
space. LeeM={0,1,2}.

Define a function

{:MxM-8 by

Yu,v)=({max (u,v)}F+lu-vI?)e where Q=(1,1) ¢ £2 Then
2(0,0)=6,1(11)=Q,1(22)=40Q,7(0,1)=2Q,2(02)=8Q,(1,2) = 5Q. Define a function

h:M - Mby

h0=h1=0and h2=1then
{(h0,h0)=¢(0,0)=6,{(h1,h1)=2(0,0)=6,{(h2h2)=2(1,1)=Q,{(h0,h1)=2(0,0)=6,(

h0,h2)=(0,1)=2Q, 7(hL, h2)={(0,1)=20,2(0,h0)=7(0,0)=6,2(1,h1)=Z (1 0)=2Q and

2(2,h2)=2(2,1)=5Q.

By lemma2.21, ( M, Q) is a generalized metric space with coefficient p = 22" = 2, which is a partia tvs- cone

metric space. Obvioudly (M, () is complete.

2Q

max{ {(0,0), (0, h0), {(0,h0),Z(0,h0),{(0,h0)} =©
max{ {(1,1), (1, T1),{(1,T1), {(1,T1), {1, T1) }=max{ {(1,1),{(1,0),0(1,0),¢(1,0),((10)}=

max{ {(2,2),{(2,h2),4(2,h2),{(2,h2), (2, h2) } =max{ {(2,2),{(2,1),{(2,1),{(2,1),{(2,1)}=
5Q
max{ (0, 1), (0, h0), (1, h1), (0, h1), {(1, h0) }=max{ {(0,1),{(0,0),{(1,0),{(0,0),¢(1,0)}=
2Q
max{ {(0,2), {(0, h0), {(2, h2), {(0, h2), {(2, h0) } =max{ {(0,2), {(0,0),{(2,1),{(0,1), (2,0)} =
8Q

max{ {(1,2), {(1, h1),{(2,h2), {1, h2), {(2, h1) }=max{ {(1,2),{(1,0),(2,1),{(1,1),{(2,0)}=
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5Q.

Itiseasily to check that

Z(hu, hv) < 2/5 max{ Z(u, v ), Z(u, hu), (v, hv ), 2 (u, hv), Z (v, hu)) } for all u, v € M. In addition

2/5¢€[0.1/p), since p = 2. So verify Theorem 2.1.

<pl(uun)+kmax{{(un-1,u), {(un-1,un), {(u, hu),1/2[{(u,un)+(un-1, hu)]}.

By lemma2.11 and so { (u, hu)< gp < (U, hu). Since gp < 1, L (u, hu) =6. So, u = hu. Thisimplies that u & Fix
(h) and { (u, v) =®.

Example36. LetB={(u,v):uveR}and£={(u v):u veR }.Then (B, £) isan ordered topological vector
space. LeteM={0,1,2}.

Define afunction

{:MxM-B by

(u,v)=({max (uv)}+lu-vl)e where Q=(1,1)¢£’ Then

(0,0)=6,0(11)=Q,0(22)=2Q,2(01)=2Q,4(02) =4 Q,{(1,2) = 3Q. Define a function

h:M - Mby

h0=h1=0and h2=1then

(h0,h0)=2(0,0)=6,7(h1,h1)=2(0,0)=6,2(h2,h2)=2(1,1)=Q,(h0,h1)=2(0,0)=6Z(

h0,h2)=2(0,1)=2Q, Y h1,h2)=2(0,1)=2Q,2(0,h0)=2(0,0)=6,2(1,h1)=2(1,0)=2Qand
{(2,h2)=0(2,1)=3Q.

By lemma2.21,( M, Q) is a generalized metric space with coefficient p = 2'* = 1, which is a partia tvs- cone

metric space. Obvioudly (M, () is complete.
max{ { (0,0), {(0, h0), {(0,10),1/2[ {(0,10), { (0, h0)[} =©

max{ {(1,1), {(1, h1), (1, h1)1/2[ (1, h1)+ (1, h1)]} =max{{ (L, 1), {1, 0), (1, 0),1/2[{ (1, 0)+ (L,
0)1}=2Q

max{ {(2,2),{(2,h2), {(2,h2),1/2[ {(2, h2 )+ (2, h2)] } =max{ { (2, 2), {(2, 1), (2, 1),1/2[ { (2, 1)+ L (2,
1)]}=3Q

max{ { (0, 1), {(0, h0), { (1, h1)1/2,[ (0, h1 )+ ¢ (1, hO)] } =max{ {(0,1),(0,0),(1,0)1/2[{(0,0)+
(1,0)1}=2Q

max{ (0, 2), {(0, h0), {(2, h2),1/2[ {(0, h2 )+ { (2, h0)] } = max{ { (0, 2), (0, 0), { (2, 1)1/2,[ L (0, 1)+
(2,0) 1} =4Q

max{ (1, 2), {(1, h1), {(2, h2)1/2,[{(1, h2) +, (2, h1)] } = max{ { (1, 2), (1, 0), (2, 1),1/2[ { (1, 1)+ (2,
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0)]}=3Q.

Itis easily to check that
Z(hu, hv) < 2/3 max{{(u, v ), Z (U, hu), 2 (v, hv), [ (U, hv)+ (v hu)] } forall u, v e M. This implies
2/3€[0.1/p), sincep = 1. So verify Theorem 3.3.

<pZ(u,un)+gmax{Z(un-,u),Z(un-1,un), Qu, hu) L2 [Z(u,un)+Z (un-1, hu)] ).

By lemmal.11 and so { (u, hu)< gp ¢ (U, hu). Since gp <1, L (u, hu) =6. So, u = hu. Thisimplies that u & Fix

(h)and { (u, v) =©.

Remarks 2.7.
1. Theorem 3.1 and 3.3 give generalizations of theorem[ 3], [4] and [ 7 ].
2. Theorem 3.1 and 2.3 give generalizations of Theorem 3.5, 3.6 and 3.7 of [20].
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