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1. INTRODUCTION

In 1922, The great mathematician Banach[ 4 ] gives fixed point theorem in complete metric space. Further many

mathematician gives fixed point theorems in metric space. Bakhtin [ 5 ]gives fixed point theorem in partial metric space.

After his result many author gives fixed point results in this space ( see 2,3, 8, 16 17,18) and many authors gives fixed

point results in b- metric space..(see 6, 9 .10 ).

On the other hand Abdeljawad and Karapinar [ 1] gives fixed point theorems in tvs cone metric space and many

authors generalized the results of this tvs cone metric space (see 11,14 ).

Recently, Xun and Songlin[20 ] proved fixed point theorem in Banach contraction and Kannan contraction on

generalized metric space. In this paper obtain fixed point theorems in ciric contraction and Singh contraction type on

generalized metric space. Our theorem is generalization the theorem of [7],[12],[13], [15],[19] and others.

2. Priliminaries

Definition 2.1 [ 20 ] LetꞘbe a topological vector space with zero vector Ɵ. A subset £ in Ꞙis called a tvs- cone inꞘ, if the

following conditions are satisfied .

1. £ is nonempty and closed inꞘ.

2. u, v ε £ and l, m ε [0, +∞) imply lu + mv ε £.

3. u, -u ε £ imply u = Ɵ. .

Definition 2.2 [ 20 ] Let £ be a tvs- cone in a topological vector space Ꞙand P0 denote the integer of £ in Ꞙ. partial

orderings ≤, < and << on Ꞙwith respect to £.. Let u, v εꞘ.

1. u ≤ v if v – u ε £.

2. u < v if u ≤ v and u ≠ v.

3. u < < v if v - u ε P0.
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4. Then (Ꞙ, £) is called an ordered topological vector space.

Definition 2.3 [9 ] LetϺ be nonempty set. A function ζ :Ϻ×Ϻ→ [ 0,∞ ) is called b- metric space with coefficient p ≥ 1 if

satisfied the following conditions for u, v, w ε

1. ζ (u, v) = 0 iff u =v

2. ζ (u, v) = ζ (v, u)

3. ζ (u, v) ≤ p [ ζ (u, w ) + ζ (w, v ) ]

Definition 2.4 [6 ] Let Ϻ be nonempty set. A function ζ : Ϻ×Ϻ→ [ 0,∞ ) is called partial metric space if satisfied the

following conditions for u, v, w ε Ϻ

1. u = v iff ζ(u, u ) = ζ (v, v ) = ζ (u, v )

2. ζ (u, v ) = ζ (v, u)

3. ζ (u, u ) ≤ ζ (u, v )

4. ζ (u, w ) ≤ ζ (u, v ) + ζ (v, w ) - ζ(v, v ).

Definition 2.5 [15 ] Let Ϻ be a nonempty set and (Ꞙ, £ ) be an ordered topological vector space with its zero vector Ɵ. A

function ζ : Ϻ × Ϻ → £ is called a generalized metric space with co- efficient p ≥ 1 if the following conditions are

satisfied for all u, v, w ε Ϻ.

1. u = v iff ζ(u, u ) = ζ (v, v ) = ζ (u, v )

2. ζ (u, v ) = ζ (v, u)

3. ζ (u, u ) ≤ ζ (u, v )

4. ζ (u, w ) ≤ p [ζ (u, v ) + ζ (v, w ) - ζ(v, v )].

Definition 2.6 [14 ] Let Ϻ be a nonempty set and ( Ꞙ, £ ) be an ordered topological vector space with its zero vector θ. A

function ζ : Ϻ ×Ϻ→ £ is called a tvs – cone metric space if the following conditions are satisfied for all u, v, w ε Ϻ.

1. ζ (u, v ) = Ɵ iff u = v

2. ζ (u, v ) = ζ (v, u)

3. ζ(u,w) ≤ ζ(u, v) + ζ (v, w)

Lemma 2.7 [14] Let (Ꞙ, £) be an ordered topological vector space.

1. If Ɵ ε £ – £0 implies £0 ≠ Ɵ.

2. u, u1, u2, … un εꞘ, u ≤ max { u, u1, u2, … un } denote u ≤ ui for some i = 1, 2, … n.

3. The use notation ≥ , > and >> in ( Ꞙ, £ ). These notation are clear and hold the following,

i. u ≥ v iff u – v ≥ Ɵ iff u –v ε £.

ii. u > v iff u – v > Ɵ iff u –v ε £ – {Ɵ }.

iii. u >> v iff u – v >> Ɵ iff u –v ε £0.
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iv. u >> v implies u > v implies u≥ v,

Lemma 2.8[14 ] Let (Ꞙ,£ ) be an ordered topological vector space.

1. If u >> Ɵ , then ku >> Ɵ, for each k ε R+.

2. If u >> Ɵ , then u >> 1/2 u >> 1/3 αu>>… >> Ɵ

3. If u1 >> v1 and u2 ≥ v2, then u1 + u2 >> v1 + v2 .

4. u >> v ≥ µ or u ≥ v >> µ, then u>> µ.

5. If u >> Ɵ and v εꞘ, then n ε N such that ½ v << u.

6. If u >> Ɵ and If v >> Ɵ, then µ >> Ɵ such that µ <<u and µ <<v.

Definition 2.9 [ 20 ] Let (Ꞙ, £ ) be an ordered topological vector space, {un} be a sequence inꞘand u εꞘ. {un} is called to

converges to u in ( Ꞙ, £ ) if for any ε >> Ɵ, there is n0 ε N such that u – v<< un << u +ε for all n > n0, we denoted by

limn→∞un = u

Lemma 2.10 [20 ] Let (Ꞙ, £ ) be an ordered topological vector space, {un} be a sequence inꞘand u εꞘIf limn→∞ un = u,

then limn→∞un = u.

Lemma 2.11 [20 ] Let (Ꞙ, £ ) be an ordered topological vector space, {un} and {vn} be a sequence inꞘ. If limn→∞ un = u

and limn→∞vn = v. Then limn→∞ (un ± vn) = u ± v.

Lemma 2.12 [20] Let (Ꞙ, £ ) be an ordered topological vector space, {un} and {vn} be a sequence in E. Then

i. Let un ≥ vn for all n ε N. If limn→∞ un = u and limn→∞vn = v then u ≥ v.

ii. Let un ≥ vn ≥ µn for all n ε N. If limn→∞ un = limn→∞ µn = u, then limn→∞vn = u.

Definition 2.13 [20 ] Let (Ϻ, ζ ) be a generalized metric space. A sequence {un} in Ϻ is said to converges to u if for any ε

>> Ɵ such that ζ (u, un ) << ζ ( u, u ) + ε for all n > n0, n ε N so, limn→∞un = u.

Definition 2.14 [20] Let (Ϻ, ζ ) be a generalized metric space. A sequence {un} inϺ and u ε Ϻ. Then both are equivalent.

1. limn→∞un = u.

2. limn→∞ ζ ( u, un ) = ζ (u, u ).

Definition 2.15 [20] Let (Ϻ, ζ ) be a generalized metric space. A sequence {un} inϺ

1. {un} is Cauchy sequence in (Ϻ, ζ ) if u ε Ϻ, such that limn,m→∞ ζ ( un, um ) = u ie, for any ε >> Ɵ, there is n0

ε N such that u - v << ζ (un, um ) << u + ε for all n, m > n0.

2. ( Ϻ, ζ ) is complete if for each Cauchy sequence {un} is convergent, if u ε Ϻ such that ζ (u, u ) = limn,m→∞ ζ (

un, um ) = limn,m→∞ ζ ( un, um ).

Definition 2.16 [20 ] Let (Ϻ, ζ ) be a generalized metric space with coefficients p ≥ 1 as ի :Ϻ→Ϻ be a function u ε Ϻ is

called a fixed point of ի if իu = u. We denote the set of fixed point of ի by Fix(ի) and cardinal of Fix (ի) by I Fix(ի) I.

[20 ] proved the following fixed point theorem.
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Theorem 2.17 [20 ] Let ( Ϻ, ζ ) be a complete generalized metric space with co- efficient p ≥ 1 and let ի : Ϻ → Ϻ be a

function such that

ζ( իu, իv ) ≤ g ζ (u, v ) for all u, v ε Ϻ, where g ε [ 0, 1 ) and gp < 1. Then ի has a unique fixed point u ε Ϻ

and ζ(u, u) = Ɵ.

Theorem 2.18 [20] Let ( Ϻ, ζ ) be a complete generalized metric space with cefficient s ≥ 1 and let ի : Ϻ → Ϻ be a

function such that

ζ( իu, իv ) ≤ g[ ζ (u, իu )+ζ (v, իv )] for all u, v ε Ϻ, where k ε [ 0, 1 ) and gp < 1. Then ի has a unique fixed point

u ε Ϻ and ζ ( u, u) = Ɵ.

Theorem 2.19 [20] Let ( Ϻ, ζ ) be a complete generalized metric space with coefficient s ≥ 1 and let ի : Ϻ→ Ϻ

be a function such that

ζ ( իu, իv ) ≤ g max{ ζ (u, v ), ի (u, իu), ի ( v, իv) } for all u, v ε Ϻ, where g ε [ 0, 1 ) and gp < 1.Then ի has a

unique fixed point u ε Ϻ and ζ (u, u) = Ɵ.

Theorem 2.20 [20] Let (Ϻ, ζ ) be a complete generalized metric space with co efficient p ≥ 1 and let ի :Ϻ→Ϻ be a

function such that

ζ ( իu, իv) ≤ g1 ζ (u, v ) + g2 ζ (u, իu ) + g3 ի ( v, իv ), for all u, v ε Ϻ, where g1 + g2 + g3 ε [ 0, 1/p ).Then ի has

a unique fixed point u ε Ϻ and ζ(u, u) = Ɵ.

Lemma 2.21 [20] Let ( Ꞙ, £) be a ordered topological vector space and ε ε £0. Put u = R*, where R* is the set of all non-

negative real number, for n ε N, define

ζn : Ϻ ×Ϻ→ £ by

ζn( u, v ) = ( { max (u, v ) }n + I u – v In )ε. Then ( Ϻ, ζn) is a generalized metric space with co- efficient p = 2n-1.

3. Main Results

Our main results is following theorems and examples.

Theorem 3.1 Let ( Ϻ, ζ ) be a complete generalized metric space with coefficient p ≥ 1 and let ի : Ϻ → Ϻ be a function

such that

ζ ( իu, իv ) ≤ g max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ), ζ (u, իv ), ζ (v, իu ) } for all u, v ε Ϻ, where g ε [ 0, 1/p ).

Then ի has a unique fixed point u ε Ϻ and ζ (u, u ) = Ɵ.

Proof- Proof the theorem by two claim.

Claim 1. If Fix (ի) ≠ Ɵ, then I Fix(ի) I = 1.

Let Fix (ի) ≠ Ɵ. If u, v ε Fix (ի) , that is u, v ε Ϻ, իu = u and իv = v, then

ζ ( u, v ) = ζ( իu, իv) ≤ g max{ ζ (u, v ), ζ(u, իu ), ζ( v, իv ), ζ (u, իv ), ζ(v, իu ) }

= g max{ d (u, v ), ζ (u,u), ζ ( v, v ), ζ(u, v), ζ (v, u ) }
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= g ζ ( u, v)

Implies , ζ (u,v ) = 0 , since g < 1 , then I Fix(T) I = 1.

Claim 2. If u ε Fix (ի) such that ζ (u, v ) = Ɵ.

Let u0 ε Ϻ and un = իun-1 for each n ε N and i, j ε N and i ≠ j,

ui ≠ uj and so ζ ( ui, uj ) > Ɵ. For each n ε N,

ζ ( un, un+1 ) = ζ( իun-1, իun ) ≤ g max { ζ un-1, un ), ζ ( un-1, un ) , ζ ( un, un+1 ), ζ( un-1, un+1 ), ζ ( un, un ) }

= g max { ζ ( un-1, un ), ζ ( un, un+1 ) }

This implies that

ζ( un, un+1 ) ≤ g ζ ( un, un+1 ) or ζ ( un, un+1 ) ≤ k ζ (un-1, un ).

If ζ ( un, un+1 ) ≤ g ζ ( un, un+1 ), then ζ ( un, un+1 ) < ζ ( un, un+1 ).This is a contradiction. So, ζ( un, un+1 ) ≤

g ζ ( un-1, un )

≤ gn ζ (uo, u1 ).

Let n, m ε N, then

0 ≤ ζ ( un, un+m ) ≤ p ζ ( un, un+1 ) + p2 ζ ( un+1, un+2 ) + … + pm ζ ( un+m-1, un+m )

≤ p gn ζ ( u0, u1 ) + p2 gn+1 ζ ( u0, u1 ) + … + pm gn+m-1 ζ ( u0, u1 ).

≤ [p gn + p2 gn+1 + … + pm gn+m-1 ] ζ ( u0, u1 ).

≤ p gn [ 1 + p + … + pm-1 gm-1 ] ζ( u0, u1 ).

= p gn ζ ( u0, u1 )/ 1- pg .

Since, 0 ≤ k ≤ pg ≤ 1, limn→∞ pgn/1- pg = 0, hence limn→∞ pgn ζ ( u0, u1 ) /1- pg = Ɵ.

By lemma2.12, limn,m→∞ ζ ( un, um ) = Ɵ. So {un} is a Cauchy sequence in ( Ϻ, ζ ). Since ( Ϻ, ζ) is complete,

hence

ζ (u, u ) = limn→∞ ζ ( u, un ) = limn,m→∞ ζ ( un, um ) = Ɵ.

ζ ( un, ի u ) = ζ( իun-1, իu ) ≤ g max { ζ( un -1, u), ζ ( un-1, un ) , ζ ( u, իu ), ζ ( u, un ), ζ ( un-1, ի u ) }

ζ ( u, իu ) ≤ p ( ζ ( u, un ) + ζ ( un, ի u ) )

≤ pζ ( u, un ) + g max { ζ ( un-1, u ), ζ ( un-1, un ), ζ ( u, իu ), ζ ( u, un ), ζ ( un-1, ի u ) }.

By lemma2.11, ζ ( u, իu ) ≤ gp ζ ( u, իu ). 0 < gp < 1, ζ( u, իu ) = Ɵ. So, u = իu.

Hence, u ε Fix (ի) and ζ (u,v ) = Ɵ.

An application of Theorem 3.1 , the following corollary generalizes a fixed point theorem of [ 12 ].
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Corollary 3.2 Let ( Ϻ, ζ ) be a complete generalized metric space with co efficient p ≥ 1 and let ի : Ϻ→ Ϻ be a function

such that

ζ ( իu, իv ) ≤ g1 ζ ( u, v ) + g2 ζ ( u, իu ) + g3 ζ ( v, իv ) +g4 ζ ( u, իv ) + g5 ζ( v, իu ) for all u, v ε Ϻ,

where g1 + g2 + g3 + g4 + g5 ε [ 0. 1/p ). Then ի has a unique fixed point u ε Ϻ and ζ (u, u ) = Ɵ.

Proof- Put g = g1 + g2 + g3 + g4 + g5, then g ε [ 0. 1/p ). For all x, y ε X,

ζ ( իu, իv ) ≤ g1 ζ ( u, v ) + g2 ζ ( u, իu ) + g3 ζ ( v, իv ) +g4 ζ ( u, իv ) + g5 ζ( v, իu )

≤ g1 max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ), ζ (u, իv ), ζ (v, իu )} + g2 max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ),

ζ (u, իv ), ζ (v, իu ) }+ g3 max{ ζ (u, v ), ζ (u, իu ),ζ( v, իv ), ζ (u, իv ), ζ (u, իu ) } + g4 max{ ζ (u, v ), ζ (u, իu ),

ζ (

v, իv ), ζ (u, իv ), ζ (v, իu ) } + g5 max{ ζ (u, v ), ζ (u, իu. ), ζ ( v, իv ), ζ (u, իv ), ζ (v, իu ) }

=( g1 + g2 + g3 + g4 + g5 ) max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ), ζ (u, իv ), ζ (v, իu )}

= g max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ), ζ (u, իv ), ζ(v, իu ) }.

Theorem 3.1, ի has a unique fixed point u ε Ϻ and ζ (u, u ) = Ɵ.

The following Theorem generalizes a fixed point theorem of [4].

Theorem 3.3 Let ( Ϻ, ζ ) be a complete generalized metric space with co- efficient p ≥ 1 and let ի : Ϻ→ Ϻ be a function

such that

ζ( իu, իv) ≤ g max{ ζ (u, v ), ζ(u, իu ), ζ( v, իv ), 1/2[ ζ (u, իv )+ ζ(v, իu )] } for all u, v ε Ϻ, where k ε [ 0, 1/p ).

Then ի has a unique fixed point u ε Ϻ and ζ (u, u ) = Ɵ.

Proof- proof of theorem by two claims.

Claim 1. If Fix (ի) ≠ Ɵ, then I Fix(Ɵ) I = 1.

Let Fix (ի) ≠ Ɵ. If u, v ε Fix (ի) that is u, v ε X, իu = u and իv = v, then

ζ ( u, v ) = ζ( իu, իv) ≤ g max{ ζ (u, v ), ζ(u, իu ), ζ( v, իv ), 1/2[ ζ (u, իv )+ ζ(v, իu )] }

= g max{ d (u, v ), ζ (u,u), ζ ( v, v ), 1/2[ ζ(u, v)+ ζ (v, u )] }

= g ζ ( u, v)

Implies , ζ (u,v ) = 0 , since g < 1 , then I Fix(T) I = 1.

Claim 2. If u ε Fix (ի) such that ζ (u, v ) = Ɵ.

Let u0 ε Ϻ and un = իun-1 for each n ε N and i, j ε N and i ≠ j,

ui ≠ uj and so ζ ( ui, uj ) > Ɵ. For each n ε N,
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ζ ( un, un+1 ) = ζ( իun-1, իun ) ≤ g max { ζ un-1, un ), ζ ( un-1, un ) , ζ ( un, un+1 ),1/2 [ζ( un-1, un+1 )+ ζ ( un,

un )] } = g max { ζ ( un-1, un ), ζ ( un, un+1 ) }

This implies that

ζ( un, un+1 ) ≤ g ζ ( un, un+1 ) or ζ ( un, un+1 ) ≤ g ζ (un-1, un ).

If ζ ( un, un+1 ) ≤ g ζ ( un, un+1 ), then ζ ( un, un+1 ) < ζ ( un, un+1 ).This is a contradiction. So, ζ( un, un+1 ) ≤

g ζ ( un-1, un )

≤ gn ζ (uo, u1 )

Let n, m ε N, then

0 ≤ ζ ( un, un+m ) ≤ p ζ ( un, un+1 ) + p2 ζ ( un+1, un+2 ) + … + pm ζ ( un+m-1, un+m )

≤ p gn ζ ( u0, u1 ) + p2 gn+1 ζ ( u0, u1 ) + … + pm gn+m-1 ζ ( u0, u1 ).

≤ [p gn + p2 gn+1 + … + pm gn+m-1 ] ζ ( u0, u1 ).

≤ p gn [ 1 + p + … + pm-1 gm-1 ] ζ( u0, u1 ).

= p gn ζ ( u0, u1 )/ 1- pg .

Since, 0 ≤ g ≤ gk ≤ 1, limn→∞ pgn/1- pg = 0, hence limn→∞ pgn ζ ( u0, u1 ) /1- pg = Ɵ.

By lemma2.12, limn,m→∞ ζ ( un, um ) = Ɵ. So {un} is a Cauchy sequence in ( Ϻ, ζ ). Since ( Ϻ, ζ) is complete,

hence

ζ (u, u ) = limn→∞ ζ ( u, un ) = limn,m→∞ ζ ( un, um ) = Ɵ.

ζ ( un, ի u ) = ζ( իun-1, իu ) ≤ g max { ζ( un -1, u), ζ ( un-1, un ) , ζ ( u, իu ), 1/2[ ζ ( u, un )+ ζ ( un-1, ի u )] }

ζ ( u, իu ) ≤ p ( ζ ( u, un ) + ζ ( un, ի u ) )

≤ pζ ( u, un ) + g max { ζ ( un-1, u ), ζ ( un-1, un ), ζ ( u, իu ),1/2[ ζ ( u, un )+ ζ ( un-1, ի u )] }.

By lemma2.11, ζ ( u, իu ) ≤ gp ζ ( u, իu ). 0 < gp < 1, ζ( u, իu ) = Ɵ. So, u = իu.

Hence, u ε Fix (ի) and ζ (u,v ) = Ɵ.

An application of Theorem 3.3 , the following corollary generalizes a fixed point theorem of [ 19 ].

Corollary 3.4 Let ( Ϻ, ζ ) be a complete generalized metric space with co efficient p ≥ 1 and let ի : Ϻ→ Ϻ be a function

such that

ζ ( իu, իv ) ≤ g1 ζ ( u, v ) + g2 ζ ( u, իu ) + g3 ζ ( v, իv ) +g4 [ ζ ( u, իv ) + ζ( v, իu )] for all u, v ε Ϻ,

where g1 + g2 + g3 +2 g4 ε [ 0. 1/p ). Then ի has a unique fixed point u ε Ϻ and ζ (u, u ) = Ɵ.

Proof- Put k = k1 + k2 + k3 +2 k4 , then g ε [ 0. 1/p ). For all u, v ε Ϻ,

ζ ( իu, իv ) ≤ g1 ζ ( u, v ) + g2 ζ ( u, իu ) + g3 ζ ( v, իv ) +g4[ ζ ( u, իv ) + ζ( v, իu )]
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≤ g1 max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ),1/2[ ζ (u, իv ), ζ (v, իu )]} + g2 max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ),1/2[ζ

(u, իv )+ ζ (v, իu )] }+ g3 max{ ζ (u, v ), ζ (u, իu ),ζ( v, իv ),1/2[ ζ (u, իv )+ ζ (u, իu )] } + 2g4 max{ ζ (u, v ),

ζ (u, իu ), ζ (v, իv ),1/2[ ζ (u, իv ), ζ (v, իu )] }

=( g1 + g2 + g3 +2 g4 ) max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv )1/2,[ ζ (u, իv )+ ζ (v, իu )]}

= g max{ ζ (u, v ), ζ (u, իu ), ζ ( v, իv ),1/2[ ζ (u, իv )+ζ(v, իu )] }.

Theorem 3.3, ի has a unique fixed point u ε Ϻ and ζ (u, u ) = Ɵ.

Example 3.5. Let Ꞙ= { (u, v ) : u, v ε R } and £ = { ( u, v ) : u, v ε R* }. Then ( Ꞙ, £ ) is an ordered topological vector

space. LetϺ = { 0, 1, 2 }.

Define a function

ζ : Ϻ ×Ϻ→Ꞙ by

ζ( u, v ) = ( { max (u, v ) }2 + I u – v I2 )ε, where Ω = (1,1 ) ε £0. Then

ζ ( 0, 0 ) = Ɵ, ζ (1,1 ) = Ω, ζ (2,2 ) = 4 Ω, ζ (0,1 ) = 2 Ω, ζ (0,2 ) = 8 Ω, ζ (1,2 ) = 5Ω. Define a function

ի :Ϻ→Ϻ by

ի0 = ի1 = 0 and ի2 = 1 then

ζ( ի0, ի0 ) = ζ ( 0, 0 ) = θ, ζ ( ի1, ի1 ) = ζ ( 0, 0 ) = θ, ζ ( ի2, ի2 ) = ζ ( 1, 1 ) = Ω, ζ ( ի0, ի1 ) = ζ ( 0, 0 ) = θ,ζ (

ի0, ի2 ) = ζ ( 0, 1 ) = 2Ω, ζ( ի1, ի2 ) = ζ ( 0, 1 ) = 2Ω, ζ ( 0, ի0 ) = ζ ( 0, 0 ) = θ, ζ ( 1, ի1 ) = ζ ( 1, 0 ) = 2Ω and

ζ ( 2, ի2 ) = ζ ( 2, 1 ) = 5Ω.

By lemma2.21, ( Ϻ, ζ) is a generalized metric space with coefficient p = 22-1 = 2, which is a partial tvs- cone

metric space. Obviously (Ϻ, ζ ) is complete.

max{ ζ (0, 0 ), ζ (0, ի0), ζ ( 0, ի0 ), ζ (0, ի0 ), ζ (0, ի0 ) } = Ɵ

max{ ζ (1, 1 ), ζ (1, T1), ζ( 1, T1 ), ζ (1, T1 ), ζ (1, T1 ) } = max{ ζ (1, 1 ), ζ(1, 0), ζ ( 1, 0 ), ζ (1, 0 ), ζ (1, 0 ) } =

2Ω

max{ ζ (2, 2 ), ζ (2, ի2), ζ( 2, ի2 ), ζ (2, ի2 ), ζ (2, ի2 ) } = max{ ζ (2, 2 ), ζ(2, 1), ζ( 2, 1 ), ζ (2, 1 ), ζ (2, 1 ) } =

5Ω

max{ ζ (0, 1 ), ζ(0, ի0), ζ ( 1, ի1 ), ζ (0, ի1 ), ζ (1, ի0 ) } = max{ ζ (0, 1 ), ζ (0, 0), ζ ( 1, 0 ), ζ (0, 0 ), ζ (1, 0 ) } =

2Ω

max{ ζ (0, 2 ), ζ (0, ի0), ζ ( 2, ի2 ), ζ (0, ի2 ), ζ (2, ի0 ) } = max{ ζ (0, 2 ), ζ(0, 0), ζ ( 2, 1 ), ζ (0, 1 ), (2, 0 ) } =

8Ω

max{ ζ (1, 2 ), ζ (1, ի1), ζ ( 2, ի2 ), ζ(1, ի2 ), ζ (2, ի1 ) } = max{ ζ (1, 2 ), ζ(1, 0), ζ( 2, 1 ), ζ (1, 1 ), ζ (2, 0 ) } =
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5Ω.

It is easily to check that

ζ ( իu, իv ) ≤ 2/5 max{ ζ(u, v ), ζ (u, իu ), ζ ( v, իv ), ζ (u, իv ), ζ (v, իu ) } for all u, v ε Ϻ. In addition

2/5 ε [ 0. 1/p ), since p = 2. So verify Theorem 2.1.

≤ p ζ ( u, /un ) + k max { ζ ( un-1, u ), ζ ( un-1, un ), ζ( u, իu ),1/2 [ ζ ( u, un )+ ζ ( un-1, ի u )] }.

By lemma2.11 and so ζ ( u, իu) ≤ gp ζ ( u, իu ). Since gp < 1, ζ ( u, իu ) = Ɵ. So, u = իu. This implies that u ε Fix

(ի) and ζ (u, v ) = Ɵ.

Example 3.6. Let Ꞙ= { (u, v ) : u, v ε R } and £ = { ( u, v ) : u, v ε R* }. Then ( Ꞙ, £ ) is an ordered topological vector

space. LetϺ = { 0, 1, 2 }.

Define a function

ζ : Ϻ ×Ϻ→Ꞙ by

ζ( u, v ) = ( { max (u, v ) } + I u – v I )ε, where Ω= (1,1 ) ε £0. Then

ζ ( 0, 0 ) = Ɵ, ζ (1,1 ) = Ω, ζ (2,2 ) = 2 Ω, ζ (0,1 ) = 2 Ω, ζ (0,2 ) = 4 Ω, ζ (1,2 ) = 3Ω. Define a function

ի :Ϻ→Ϻ by

ի0 = ի1 = 0 and ի2 = 1 then

ζ( ի0, ի0 ) = ζ ( 0, 0 ) = Ɵ, ζ ( ի1, ի1 ) = ζ ( 0, 0 ) = Ɵ, ζ ( ի2, ի2 ) = ζ ( 1, 1 ) = Ω, ζ ( ի0, ի1 ) = ζ ( 0, 0 ) = Ɵ,ζ (

ի0, ի2 ) = ζ ( 0, 1 ) = 2Ω, ζ( ի1, ի2 ) = ζ ( 0, 1 ) = 2Ω, ζ ( 0, ի0 ) = ζ ( 0, 0 ) = θ, ζ ( 1, ի1 ) = ζ ( 1, 0 ) = 2Ω and

ζ ( 2, ի2 ) = ζ ( 2, 1 ) = 3Ω.

By lemma2.21,( Ϻ, ζ) is a generalized metric space with coefficient p = 21-1 = 1 , which is a partial tvs- cone

metric space. Obviously (Ϻ, ζ ) is complete.

max{ ζ (0, 0 ), ζ (0, ի0), ζ ( 0, ի0 ),1/2[ ζ (0, ի0 ), ζ (0, ի0 )[ } = Ɵ

max{ ζ (1, 1 ), ζ (1, ի1), ζ( 1, ի1 ),1/2[ ζ (1, ի1 )+ ζ (1, ի1 )] } = max{ ζ (1, 1 ), ζ(1, 0), ζ ( 1, 0 ),1/2[ ζ (1, 0 )+ ζ(1,

0 )] } = 2Ω

max{ ζ (2, 2 ), ζ (2, ի2), ζ( 2, ի2 ),1/2[ ζ (2, ի2 )+ ζ (2, ի2 )] } = max{ ζ (2, 2 ), ζ(2, 1), ζ( 2, 1 ),1/2[ ζ (2, 1 )+ ζ (2,

1 )] } =3Ω

max{ ζ (0, 1 ), ζ(0, ի0), ζ ( 1, ի1 )1/2,[ ζ (0, ի1 )+ ζ (1, ի0 )] } = max{ ζ (0, 1 ), ζ (0, 0), ζ ( 1, 0 )1/2,[ ζ (0, 0 )+ ζ

(1, 0 )] } =2Ω

max{ ζ (0, 2 ), ζ (0, ի0), ζ ( 2, ի2 ),1/2[ ζ (0, ի2 )+ ζ (2, ի0 )] } = max{ ζ (0, 2 ), ζ(0, 0), ζ ( 2, 1 )1/2,[ ζ (0, 1 )+

(2, 0 ) ]} =4Ω

max{ ζ (1, 2 ), ζ (1, ի1), ζ ( 2, ի2 )1/2,[ζ(1, ի2) +, ζ (2, ի1 )] } = max{ ζ (1, 2 ), ζ(1, 0), ζ( 2, 1 ),1/2[ ζ (1, 1 )+ ζ (2,
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0 )] } =3Ω.

It is easily to check that

ζ ( իu, իv ) ≤ 2/3 max{ ζ(u, v ), ζ (u, իu ), ζ ( v, իv ), [ζ (u, իv )+ ζ (v, իu )] } for all u, v ε Ϻ. This implies

2/3 ε [ 0. 1/p ), since p = 1. So verify Theorem 3.3.

≤ p ζ ( u, un ) + g max { ζ ( un-1, u ), ζ ( un-1, un ), ζ( u, իu ),1/2 [ ζ ( u, un )+ ζ ( un-1, ի u )] }.

By lemma1.11 and so ζ ( u, իu) ≤ gp ζ ( u, իu ). Since gp < 1, ζ ( u, իu ) = Ɵ. So, u = իu. This implies that u ε Fix

(ի) and ζ (u, v ) = Ɵ.

Remarks 2.7.

1. Theorem 3.1 and 3.3 give generalizations of theorem[ 3], [4] and [ 7 ].

2. Theorem 3.1 and 2.3 give generalizations of Theorem 3.5, 3.6 and 3.7 of [20].
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